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Quantum state tomography is an important tool for quantum communication, computation,
metrology, and simulation. Efficient quantum state tomography on a high dimensional quantum
system is still a challenging problem. Here, we propose a novel quantum state tomography method,
auxiliary Hilbert space tomography, to avoid pre-rotations before measurement in a quantum state
tomography experiment. Our method requires projective measurements in a higher dimensional
space that contains the subspace that includes the prepared states. We experimentally demonstrate
this method with orbital angular momentum states of photons. In our experiment, the quantum
state tomography measurements are as simple as taking a photograph with a camera. We exper-
imentally verify our method with near-pure- and mixed-states of orbital angular momentum with
dimension up to d = 13, and achieve greater than 95 % state fidelities for all states tested. This
method dramatically reduces the complexity of measurements for full quantum state tomography,
and shows potential application in various high dimensional quantum information tasks.
Quantum information science promises new and ex-
traordinary types of communication and computation
due to the unique properties of quantum superposition
and entanglement. Characterization and validation of
a synthetic quantum system requires experimental mea-
surements of the quantum state that is described by its
density matrix. Quantum state tomography (QST) re-
constructs the density matrix of a quantum system by
measuring a full set of observables that span the entire
state space of the system [1, 2]. To perform full QST on
a system with dimension d, the required number of uni-
tary rotations combined with projection measurements
is d2 − 1. As a result, the resources required for brute-
froce QST scales unfavorably with the dimension size,
making QST unfeasible for high dimensional quantum
systems [3–6].
The past years have witnessed considerable effort de-
voted to boosting the efficiency of QST [7–11] or to de-
veloping alternative methods of characterizing a quantum
system. Various methods of avoiding full QST have been
developed to address cases where only partial knowledge
of the density operator is sufficient to capture the key as-
pects of a system. These approximations include entan-
glement witness [12, 13], purity estimation [14], fidelity
estimation [15], and quantum-state classification [16, 17].
In addition, more manageable QST protocols that re-
quire measurement of fewer observables have been stud-
ied for states possessing special properties such as per-
mutationally invariant QST for permutationally invari-
ant states [18], and compressed sensing [19–21].
In this article we propose a new method to reconstruct
the full density matrix that requires no rotation before
the projection measurement. We refer to our method
as auxiliary Hilbert space tomography (AHST). Suppose
an unknown state ρˆ is prepared in a d-dimensional Hill-
bert space, Hd, spanned by orthonormalized sates |φi〉,
where i = 1, 2, · · · , d. Outcomes of measurements per-
formed on copies of the state ρˆ are given by the Born rule
P (i) = tr(ρˆΠi), where {Πi} is a positive operator-valued
measure (POVM) that describes the measurement setup.
If the statistics of the outcome probabilities uniquely de-
termine the state ρˆ, the POVM is informationally com-
plete (IC). It is obvious that the minimum number of
rank-1 elements of an IC-POVM for ρˆ is d2. However,
in most cases, a directly experimental accessible POVM
consists of projective measurements |φi〉〈φi|, which has in
total d elements. As a result, rotations are needed to ac-
cess other elements to form an IC-POVM. In our AHST
protocol, instead of performing projective measurements
in the original Hilbert space, Hd, we conduct the projec-
tive measurements in another higher dimensional Hilbert
space,HD, that containsHd as a subspace and is spanned
by basis |ψj〉, where j = 1, 2, · · · , D. If the projective el-
ements {Id|ψj〉〈ψj |Id}, where Id =
∑d
i=1 |φi〉〈φi|, forms
an IC-POVM in Hd, no rotations would be required to
reconstruct the density matrix ρˆ in Hd. Thus, the dimen-
sion size of the measurement space HD needs to satisfy
D ≥ d2.
Here, we apply the AHST protocol to optical system to
demonstrate full QST of the orbital angular momentum
(OAM) states of photons. The OAM of photons was dis-
covered in 1992 on a family of paraxial light beams [26].
These paraxial light beams have helical phase front of eilϕ
and carry well-defined OAM of lh¯ per photon, where l can
take any integer value. Extensive studies [27] in recent
years have proposed using OAM states for a range of ex-
citing applications in quantum information [28], and free-
space optical communications [29, 30]. For example, re-
searchers have found that OAM states promise higher in-
formation capacity per-particle [31], more efficient quan-
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2FIG. 1. (a) Experimental setup for generation and tomography of OAM states. Two beams from independent lasers are
individually cleaned and collimated with single mode fibers (SMFs) and objectives. Transmitted power is controlled with
a combination of half wave plates (HWPs) and polarization beam splitters (PBSs). Two superposition OAM modes are
individually generated by two phase-only spatial light modulators (SLMs) with computer-generated holograms (CGHs) [22].
The two beams are then combined in beam splitter-3 (BS3). A charge coupled device (CCD) is used to record the intensity
profile of the first-diffracted order field from the SLMs. We implement a far field of the generated beam by a lens. (b) The
intensity distribution of a simulated three-component cat state in real space [23–25]. (c) The real and imaginary parts of the
Fourier transformation of the intensity pattern in (b). (d) and (e) are the reconstructed density matrix and Wigner function,
respectively.
tum circuit structure [32], enhanced robustness against
eavesdropping and quantum cloning [33], complex entan-
glement structures [34–36], and robust resilience to noise
and loss [37, 38]. Meanwhile, tomography of the high di-
mensional OAM states have also been studied extensively
with POVMs [39], and mutually unbiased bases [40, 41].
Typical laser modes that carry OAM are Laguerre-
Gaussian (LG) modes, labelled by two mode indices, p
and l. The modal index l determines the OAM carried
by each photon while p defines the radial intensity distri-
bution on the cross section of this mode and only takes
non-negative integer values. A photon that is in an LG
eigenmode can be represented as |p, l〉. According to the
AHST protocol, we can prepare an OAM state in the
space spanned by |p, l〉 basis and measure it using the
polar coordinate basis |r, φ〉, i.e., recording the intensity
with a charge-coupled device (CCD) camera on the beam
cross section. However, both |p, l〉 and |r, φ〉 bases have
infinite dimensions, and they are equivalent as complete
orthogonal bases for paraxial beams. To ensure that the
prepared states are in a subspace of the measurement
space, we restrict the prepared states in basis specified
by,
p = 0, l ≥ 0 (1)
For the rest of the article, we only focus on OAM states
that satisfy Eq. (1), and use |l〉 to represent the state
|p = 0, l ≥ 0〉.
The intensity measurement results of an arbitrary state
ρˆ prepared in the basis |l〉 by using a CCD camera at
beam waist can be described by,
I(r, φ) = A〈r, φ|ρˆ|r, φ〉,
= A
∞∑
l1=0
∞∑
l2=0
Ψl1(r, φ)Ψ
∗
l2(r, φ)ρˆl1,l2
(2)
where A is a scale factor that can be determined by
normalization of the density matrix, ρˆl1,l2 is the den-
sity matrix element in |l〉 basis, and Ψl(r, φ) is the com-
plex amplitude of the laser mode that is in state |l〉 (see
Method for detailed expression). Then, we apply a linear
3(Fourier) transformation to both side of Eq. (2) [42] and
get,
F [I(r, φ)] = A
∞∑
l1=0
∞∑
l2=0
F [Ψl1(r, φ)Ψ
∗
l2(r, φ)]ρˆl1,l2
= A
∞∑
l1=0
∞∑
l2=0
Pl1,l2(rf , φf )ρˆl1,l2
(3)
whereF [·] is the Fourier transform, rf and φf are the po-
lar coordinates in the Fourier plane, and Pl1,l2(rf , φf ) =
F [Ψl1(r, φ)Ψ
∗
l2
(r, φ)]. We find that Pl1,l2(rf , φf ) function
has the following orthogonal property,∫ ∞
0
∫ 2pi
0
Pl1,l2(rf , φf )P
∗
l
′
1,l
′
2
(rf , φf )e
pi2r2fσ
2
2 Cl′1,l
′
2
rfdrfdφf
= δl1,l′1
δl2,l′2
(4)
where Cl′1,l
′
2
is a normalization constant determined by
l
′
1 and l
′
2; σ is the beam waist which can be measured
experimentally (see Methods). Given Eq. (4), the density
matrix can be calculated in the following way,
ρˆl1,l2 =
Cl1,l2
A
∫ ∞
0
∫ 2pi
0
F [I(r, φ)]Pl1,l2(rf , φf )
× e
pi2r2fσ
2
2 rfdrfdφf
(5)
The above equation proves that, in theory when r and φ
are continuous, projective measurements {|r, φ〉〈r, φ|} in
coordinate space indeed form an IC-POVM in the OAM
subspace subject to Eq. (1). Fig. 1(b)-(e) show the flow
diagram of AHST protocol. We simulated the intensity
of a three-component OAM cat state [Fig. 1(b)], |α〉 +
ei0.6pi|ei2pi/3α〉+ e−i0.3pi|ei4pi/3α〉 [23–25], where |α〉 is an
OAM coherent state defined by |α〉 = e− |α|
2
2
∑∞
l=0
αl√
l!
|l〉,
and α = 2. After applying the Fourier transformation on
the intensity pattern we observe its complex amplitude as
shown in Fig. 1(c). Using Eq. (5), the density matrix can
be reconstructed as shown in Fig. 1(d). Fig. 1(e) shows
the Wigner function calculated from the reconstructed
density matrix.
We experimentally generated various OAM states to
test our AHST protocol. Fig. 1(a) shows a schematic
of the experimental setup for generating and detecting
OAM states subject to Eq. (1) (see Methods for more de-
tails). In a first experiment, we generate different OAM
eigenstates |l〉 with laser 1 turned on and laser 2 off. Den-
sity matrices are obtained by performing AHST using
Eq. (5) and we choose the first thirteen OAM eigenstates,
|l = 0, 1, · · · , 12〉 ,to span our tomography space. How-
ever, Eq. (5) does not guarantee a physical density ma-
trix, i.e., a Hermitian positive semi-definite density ma-
trix. To remedy this, we use the least squares method
to find the physical density matrix that is closest to
the unphysical experimentally-obtained density matrix
(details in Methods). Fig. 2(a) - (d) demonstrate the
predicted intensity, measured intensity, real and imagi-
nary part of the density matrix of one OAM eigenstate
|7〉〈7|, respectively. We calculate the state fidelity using
F = (Tr
√√
ρˆtρˆe
√
ρˆt)2, where ρˆe and ρˆt are the experi-
mentally reconstructed and theoretical density matrices,
respectively. For the state |7〉〈7|, we extracted a state
fidelity 0.980 ± 0.003. Table I summarizes the state fi-
delities for some other eigenstates, and all of them show
relatively high state fidelities.
In a second experiment, we test our AHST with OAM
superposition states. Eq. (6) describes the three super-
position states generated in the experiment,
|ψG〉 = 1√
2
(|0〉 − i|12〉)
|ψc〉 = Cc
6∑
l=0
α2l√
(2l)!
|2l〉
|ψs〉 = Cs
6∑
l=0
(−tanhγ)l
√
(2l)!
2ll!
|2l〉
(6)
where Cc and Cs are the normalization factors of the
states and α, γ are the parameters of the states.
One may observe that the definitions of |ψ〉c and |ψ〉s
are the same as truncated cat state [23] and squeezed
state [23] of a one-dimensional harmonic oscillator, re-
spectively. We will discuss the relation between these
OAM superposition states and the non-classical states of
a one-dimensional harmonic oscillator in the discussion
section. Fig. 2(e) - (h) demonstrate the tomography re-
sults of the superposition state |ψG〉〈ψG|. The fidelity of
this superposition state is 0.961 ± 0.004. This indicates
that our system can generate high quality pure states
and validates the AHST protocol. Fig. 3(a)-(d) and (g)-
(j) shows the experimental results for a cat state with
α = 2 and a squeezed state with γ = 1.5.
Finally, we perform full QST on different mixed states
using the AHST protocol. As shown in Fig (1), to gen-
erate the mixed states, we turn on both independent He-
Ne lasers. Each mixed state is a classical mixture of
two near-pure states that are generated by the spatial
light modulators (SLMs) in each arm. By rotating the
half wave plates (HWPs) in each arm, we can adjust the
weight of the two superposition states in a mixed state.
In our experiment, we generate the two mixed states,
ρˆm1 =
1
2
|0〉〈0|+ 1
2
|12〉〈12|
ρˆm2 =
1
4
(|0〉+ ei 4pi3 |12〉)(〈0|+ e−i 4pi3 〈12|) + 1
2
|6〉〈6|
(7)
The experimental results of the state ρˆm1 are shown in
Fig. 2(i) - (l) (see Table. I for the result of the mixed state
ρˆm2). The fidelity of this mixed state is 0.955 ± 0.004.
4FIG. 2. AHST of pure OAM eigenstates, a superposition state, and a mixed state. (a), (e), and (i) are the numerically
simulated intensity patterns for states ρ1 = |7〉〈7|, ρ2 = (|0〉− i|12〉)(〈0|+ i〈12|) and ρ3 = |0〉〈0|+ |12〉〈12|, respectively. (b), (f),
and (j) are the experimentally recorded intensity patterns for three different states. The insets show the zoomed-in intensity
distributions of different states. Axis labels in (a), (b), (e), (f), (i), and (j) follow the axis labels in Fig. 1 (b). Note that the
horizontal and vertical axes in (a) and (b) have a different scale than those in (e), (f), (i), and (j) for better appearance. (c),
(g), and (k) represent the real parts of the reconstructed density matrix. (d), (h), and (l) represent the imaginary parts of
the density matrix. The theoretical values and experimental values are shown by empty bars with solid line borders and color
bars with dashed line borders, respectively. Reconstructed density matrices are expanded in OAM eigenstates |l〉 ranges from
{|0〉, · · · , |12〉}.
It is interesting to compare the states |ψG〉〈ψG| and ρˆm1
because both of them just consist of OAM eigenstates
|0〉 and |12〉. The intensity patterns of these two states
in Fig. 2(e), (f), (i), and (j) look extremely similar to
each other. However, when we zoom into the white-ring
parts [the insets in Fig. 2(e), (f), (i), and (j)], we find
that there are very small azimuthal interference patterns
for the superposition state |ψG〉〈ψG|, which captures the
coherence between |0〉 and |12〉 state components. This
small coherent signal is resolved by our AHST tomogra-
phy protocol. This is verified by the non-zero off-diagonal
terms in the imaginary part of the density matrix shown
in Fig. 2(h). The physics behind this interference fea-
ture is very similar to the holography technique. In fact,
both holography technique and the AHST protocol en-
code information as interference patterns. However, the
interference pattern in a hologram comes from a target
light field and a known reference light field, whereas in
the AHST protocol, there is no reference light field and
the interference is between all the different OAM eigen-
modes contained in the state to be measured. In other
words, the AHST protocol is self-referenced.
Table. I is a summary of the fidelities of the recon-
structed density matrices for all of the different OAM
states tested in our experiments. In these examples, all
fidelities are greater than 95 %. As shown in Table I,
eigenstates with higher OAM number show lower fideli-
ties due to the fact that higher order OAM modes are
more sensitive to the astigmation of the lens and and the
flatness of the SLMs. For mixed states, the main error
sources are intensity fluctuations of the two lasers and
the overlap inaccuracy of the two independent beams.
5FIG. 3. AHST of the cat state, |ψ〉c, and the squeezed state, |ψ〉s, defined in Eq. (6). (a) and (g) are the intensity patterns of
|ψ〉c and |ψ〉s, whose axis labels follow the axis labels in Fig. 1 (b). (b) and (h) are the magnitude of the Fourier transforms of
the intensity patterns, whose axis labels follow the axis labels in Fig. 1 (c). (c) and (i) represent the real parts of reconstructed
density matrices for |ψ〉c and |ψ〉s. (d) and (j) represent the imaginary parts of reconstructed density matrices. (e) and (k)
are the experimentally reconstructed Wigner functions. (f) and (l) are the theoretical Wigner functions. Axis labels in (e), (f),
(k), and (l) follow the axis labels in Fig. 1 (e). The faint patterns of ripples extending from the origin in (k) and (l) are caused
by truncation at l = 12 of the density matrix used to represent the squeezed state. The black solid circles in (g), (k) and (l)
show the full-width at half-maximum of the Gaussian mode (OAM vacuum state, |l = 0〉) in corresponding representations.
TABLE I. Experimental fidelities of the reconstructed density
matrices, the uncertainties are characterized by the standard
deviation of 10 repetitions.
States Fidelity
Eigenstate
|0〉
|1〉
|2〉
|3〉
|4〉
|5〉
|6〉
|7〉
|8〉
|9〉
|10〉
|11〉
|12〉
0.996± 0.001
0.995± 0.001
0.992± 0.001
0.991± 0.002
0.988± 0.001
0.985± 0.002
0.982± 0.002
0.980± 0.003
0.977± 0.003
0.974± 0.004
0.967± 0.005
0.959± 0.004
0.953± 0.005
Superposition
|ψ〉G
|ψ〉c
|ψ〉s
0.961± 0.004
0.969± 0.002
0.975± 0.002
Mixed State
ρm1
ρm2
0.955± 0.004
0.952± 0.005
DISCUSSION
It is known that LG modes are eigenmodes of a two-
dimensional isotropic harmonic oscillator. The subspace
formed by LG modes subject to Eq. (1) looks very similar
to Hilbert space formed by Fock states |n ≥ 0〉, which are
eigenstates of a one-dimensional harmonic oscillator. In
fact, we can make a bijective mapping between states |l〉
studied here and Fock states |n〉 by setting l = n. We will
show that there exists a close relation between the Fourier
transform of the intensity [Eq. (3)] and the Wigner func-
tion [43] of Fock states, which was originally introduced
to provide a phase-space representation of a quantum
state in a continuous Hilbert space. To prove this, we
substitute the detailed formula of function Pl1,l2(rf , φf )
(see Methods) into Eq. (3) and get,
F [I(r, φ)] = A
∞∑
l1=0
∞∑
l2=0
ρˆl1,l2(−i)|l1−l2|
√
l1!l2!
max(l1, l2)!
× e−2R2(
√
2R)|l1−l2|L|l1−l2|max(l1,l2)(2R
2)ei(l1−l2)φf ,
(8)
6where Lυµ(·) is the associated Laguerre function and
R =
piσrf
2 . The Wigner function of an arbitrary one-
dimensional harmonic oscillator state ρˆ′ in Fock state
basis is,
W (p, q) = A′
∞∑
n1=0
∞∑
n2=0
ρˆ′n1,n2(−1)min(n1,n2)
√
n1!n2!
max(n1, n2)!
× e−r′2(
√
2r′)|n1−n2|L|n1−n2|min(n1,n2)(2r
′2)ei(n1−n2)φ
′
.
(9)
In this expression A′ is a normalization factor, n1 and n2
are the indices of Fock states |n1〉 and |n2〉, p and q are
the two quadratures in the phase space, and r′ and φ′
are given by r′ =
√
1
h¯ (p
2 + q2) and φ′ = arctan(pq ).
We can see that Eq. (8) and Eq. (9) share a very sim-
ilar form except for the constant factors, (−i)|l1−l2| ver-
sus (−1)min(n1,n2), and the Gaussian terms, e−2R2 versus
e−r
′2
. The difference in the Gaussian terms can always
be reconciled by dividing both sides of Eq. (8) by a known
term e−R
2
. However, the constant factor (−i)|l1−l2|
makes F [I(r, φ)] a complex function compared to the
real-valued Wigner function. Although both F [I(r, φ)]
and W (p, q) uniquely determine the state they represent,
the real-valued Wigner function W (p, q) is a more stan-
dard representation. Fortunately, we can still use Eq. (9)
to construct the same Wigner function for OAM states
studied here given the density matrix reconstructed from
Eq. (8).
Fig. 3(a) - (l) show the intensity, |F [I(r, φ)]|, the den-
sity matrix, and the Wigner functionW (p, q) of the states
|ψc〉 and |ψs〉, respectively. The plots of their Wigner
functions indeed indicate that they are OAM cat and
squeezed states. However, we note that the “OAM vac-
uum state” is not a real vacuum state but is actually
the fundamental Gaussian mode of the laser. Thus, the
OAM cat state is a combination of two displaced Gaus-
sian laser modes and the squeezed state is only squeezed
with respect to the Gaussian mode laser spot [black solid
circles in Fig. 3(g), (k) and (l)]. However, compared
to the Fock cat and squeezed states, the OAM cat and
squeezed states are more straightforward to generate. In
addition, our AHST protocol also makes the QST mea-
surement as easy as taking a photo. With the ease in
generation and tomography, the OAM states subject to
Eq. (1) provide a great platform for simulating quantum
optics phenomenons related to Fock states.
We noticed that, In reference [25], the authors also
utilized the OAM states to generate a macroscopic
Schro¨dinger cat. However, the experimental complexity
of state tomography using AHST is greatly reduced com-
pared to the method of mutually unbiased measurements
that is used in reference [25].
In conclusion, we proposed an efficient full QST proto-
col, AHST, and experimentally demonstrated it with the
OAM states of photons. The tomography results show
very high state fidelities with both near-pure and mixed
states. We also observe a surprising similarity between
OAM states in the subspace required by AHST protocol
and Fock states. By exploiting this similarity, we gener-
ated OAM cat and squeezed states and constructed their
Wigner functions. The AHST protocol may be extended
to other quantum systems to simplify the QST in general.
Our results for OAM systems may also lead to interesting
research on simulating quantum optics phenomena with
OAM states.
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METHODS
Fourier transform of LG modes
The complex amplitude of LG modes subject to Eq. (1)
at the beam waist is
Ψl(r, φ) =
√
2
pil!
1
σ
(
√
2r
σ
)le−r
2/σ2e−ilφ (10)
7The Fourier transform for each term in Eq. (2) is
Pl1,l2(rf , φf )
= F
[
Ψl1(r, φ)Ψ
∗
l2(r, φ)
]
= (−i)|l1−l2|
√
l1!l2!
max(l1, l2)!
e−2R
2
(
√
2R)|l1−l2|
× L|l1−l2|max(l1,l2)(2R2)ei(l1−l2)φf ,
(11)
where the following integral formulas are applied to de-
rive the equation above,∫ 2pi
0
eiα cos(ϕ−θ)e±inϕdϕ = 2piJn(α)ein(
pi
2±θ) (12)
∫ ∞
0
e−αr
2
Jn(βr)r
m+1dr
=
βnΓ
(
m+n+2
2
)
2n+1α
m+n+2
2 Γ(n+ 1)
Π
(
m+ n+ 2
2
, n+ 1,−β
2
4α
)
(13)
where α > 0, m+n > −1, Jn(x) is nth Bessel function,
and Γ(n) = (n− 1)!. Π(x) is the confluent hypergeomet-
ric function that can be transferred to the generalized
Laguerre polynomial,
Lαn(x) = e
x
(
n+ α
n
)
Π(α+ n+ 1, α+ 1,−x) (14)
where
(
n+α
n
)
is a generalized binomial coefficient. The
orthogonal property in Eq. (4) is guaranteed by,∫ ∞
0
eimφeinφ = 2piδm,n (15)
∫ 2pi
0
xαe−xLαm(x)L
α
n(x)dx =
Γ(m+ α+ 1)
m!
δm,n (16)
Experimental set-up
The setup mainly consists of two identical arms
[Fig. 1(a)]. In each arm, the laser beam with wavelength,
λ = 632.8 nm, is generated by a He-Ne laser, and mode-
cleaned to TEM00 mode with single mode fibers. Then,
the expanded laser beams transvers HWPs and polar-
ization beam splitters (PBS), which in combination are
used to tune the intensity of the laser beams that shine
on the following SLMs. After reflected by the SLMs, the
modulated laser beams are finally combined by a beam
splitter, BS3. A CCD camera placed at the Fourier plane
of the SLMs records the intensity pattern of the combined
beam. Computer-generated holograms (CGHs) [22] are
loaded on each SLM to generate arbitrary OAM near-
pure states [22]. Since the two He-Ne lasers are not
locked, the state of the final combined laser beam is a
classical mixture of two near-pure OAM states, i.e., a
mixed state. The weight of each near-pure state of the
final mixed state can be tuned by adjusting the angle of
the HWP in each arm. The lens in front of the CCD
camera is used to relocate the beam waist onto the CCD
camera. It is known that different |l〉 states have different
z-dependent Gouy phase, Ψ(z) = (l+1) arctan(zλ/piσ2).
By measuring at beam waist, we can eliminate the z-
dependent Gouy phase. And the residual Gouy phase
induced by the Fourier lens, e−ilpi/2, can be cancelled by
rotating the image from CCD camera by 90◦. According
to Eq. (4), the prior knowledge of beam waist σ should
be known to reconstruct the density matrix . To measure
σ, a TEM00 mode (fundamental Gaussian mode) is gen-
erated and recorded. We fit the recorded intensity profile
with a two-dimensional Gaussian function, and get the
beam waist, σ = 0.114± 0.001 mm.
Measurement
To generate high quality OAM state, we need to correct
the aberrations in the setup in Fig. 1(a) by loading some
correction phase pattern on the SLMs. We use Zernike
polynomials to decompose the aberration in our setup.
Since higher-order LG modes are more sensitive to the
phase aberration, we use a LG mode with l = 50 to mea-
sure the aberration. We first load a CGH on the phase
SLM without any phase correction and fit the recorded
intensity patterns from CCD with the theory intensity
distribution. The fitting goodness measures the aberra-
tion. Then, we load the first 15 Zernike polynomial phase
patterns one by one onto the SLMs. The magnitude of
each phase pattern is adjusted to maximize the fitting
goodness before proceeding to the next one.
In the experiments of generating mixed states, the
weight of the two near-pure OAM states are controlled
by two HWPs independently. However, the fluctuations
of the power of the two independent He-Ne lasers and
the coupling efficiencies of the SMFs make the weight of
the two near-pure OAM states unstable. To deal with
this issue, we monitor the relative power fluctuations be-
tween two arms with the same CCD camera while we
are recording the mixed state intensities. We then pose-
select the data with desired power ratio between the two
arms. To generate the power monitoring signal, we divide
each SLMs into two parts as shown in Fig. 4. The cir-
cular inner parts on both SLMs load the holograms for
generating near-pure OAM states and both holograms
diffract incoming lasers in the horizontal direction. The
outter parts load simple blazed grating to diffract incom-
ing light at 135◦ for SLM1 and 225◦ for SLM2. As shown
in Fig. 4(c), the +1 order pattern is recorded for AHST,
and the power in r1 order and r2 order are recorded for
post-selecting the desired weight of the two near-pure
8OAM states.
FIG. 4. An example of the CGHs loaded on SLM1 (a) and
SLM2 (b) for generating mixed states. (c) Recorded diffrac-
tion spots on camera.
Data analysis
In the experiment, all the intensity patterns recorded
from the CCD camera have 200×200 pixels, which means
the measurement Hilbert space has the dimension, D =
200× 200 = 40000. All the OAM states to be measured
live in the space spanned by |l = 0, 1, · · · , 12〉, which has
the dimension, d = 13. Thus, the discrete experimen-
tal data do satisfy tomography condiction, D ≥ d2. We
then apply discrete Fourier transformation to the inten-
sity patterns,
I˜(p∆Xf , q∆Yf ) = F [I]
=
M/2,N/2∑
m=−M/2+1
n=−N/2+1
I(m∆X,n∆Y )e−i(mp∆Xf∆X+nq∆Yf∆Y )
(17)
where M = N = 200, and I(m∆X,n∆Y ) is the
discrete OAM intensity pattern recorded by the CCD
camera. I˜(p∆Xf , q∆Yf ) is discrete Fourier transfor-
mation of intensity pattern I(m∆X,n∆Y ), and p, q ∈
{−M/2 + 1,−M/2, · · · ,M/2}. ∆X, ∆Y , ∆Xf and ∆Yf
are the step sizes in the OAM intensity plane and its
Fourier plane. We then substitute I˜(p∆Xf , q∆Yf ) into a
discrete form of Eq. (5) to calculate the density matrix,
ρˆl1,l2 =
Cl1,l2
A
M/2,N/2∑
p=−M/2+1
q=−N/2+1
I˜(p∆Xf , q∆Yf )Pl1,l2(p∆Xf , q∆Yf )
× e
pi2[(p∆Xf )
2+(q∆Yf )
2]σ2
2 ∆Xf∆Yf ,
(18)
where Pl1,l2(p∆Xf , q∆Yf ) is calculated using its analyt-
ical from, Eq. (11); A is a constant factor related to the
total intensity. We set A = 1 when we calculate Eq. (18)
and remedy it later on by imposing the normalization of
the density matrix. Note that compared to Eq. (5), the
above equation is converted from to polar coordinates
to the Cartesian coordinates. As we know, the above
equation relies on the orthogonal integrals, Eq. (15) and
Eq. (16). When we perform the numberical integration
in Eq. (18), the number of discrete points will determine
how precise the orthogonal integrals will be. As a result,
the more pixels we use to sample the intensity, the more
accurate the density matrix reconstruction will be. In
our experiment, we have enough number of pixels to re-
port more than 95% state fidelities on all the states we
generated.
Least square method
With the AHST protocol, a density matrix can be re-
constructed simply by using Eq. (5). However, the re-
sulting density matrix may not be physical. In other
words, there is no guarantee that the reconstructed den-
sity matrix is Hermitian and positive semi-definite. To
account for this, we use Cholesky decomposition to rep-
resent an arbitrary Hermitian and positive semi-definite
density matrix ρ with a lower triangular matrix T ,
ρ =
T †T
tr(T †T )
. (19)
For n-dimensional tomography space, we parametrize
the density matrix ρ by constructing T with n2 real vari-
ables ti,
T =

tn2−1 + itn2
...
tn+1 + itn+2
t1
tn2−3 + itn2−2
...
t2
0
. . .
. . .
. . .
. . .
tn
...
0
0

(20)
We find the best estimation of (t1, · · · , tn2) by minimizing
the least square cost function,
S =
n−1∑
l1=0
n−1∑
l2=0
∣∣ρl1,l2 − ρothl1,l2∣∣2 , (21)
where ρoth is a density matrix that is directly calculated
from Eq. (5).
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